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Abstract 



We extend our investigation on a possible de Sitter symmetry breaking mechanism in non- 
linear sigma models. The scale invariance of the quantum fluctuations could make the 
cosmological constant time dependent signaling the de Sitter symmetry breaking. To under- 
stand such a symmetry breaking mechanism, we investigate the energy-momentum tensor. 
We show that the leading infra-red logarithms cancel to all orders in perturbation theory 
in a generic non-linear sigma model. When the target space is an iV sphere, the de Sitter 
symmetry is preserved in the large N limit. For a less symmetric target space, the infra-red 
logarithms appear at the three loop level. However there is a counter term to precisely 
cancel it. The leading infra-red logarithms do not cancel for higher derivative interactions. 
We investigate such a model in which the infra-red logarithms first appear at the three loop 
level. A nonperturbative investigation in the large N limit shows that they eventually grow 
as large as the one loop effect. 
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1 Introduction 



It is well known that there is no de Sitter (dS) invariant vacuum in a free massless minimally 
coupled scalar field theory. In the exponentially expanding universe, the degrees of freedom 
outside the cosmological horizon increase with cosmic evolution. This increase gives rise to a 
growing time dependence of the propagator [H 121 [3]. So in some field theoretic models on dS 
space, a certain physical constant may become time dependent through the propagator. In 
particularly, this infra-red (IR) effect may be relevant to resolve the cosmological constant 
problem jl]. 

In order to investigate the IR effects in field theoretic models on dS space, we need to employ 
the Schwinger-Keldysh perturbation theory [51 [6] . The IR effects manifest as the polynomials 
in the logarithm of the scale factor of the universe log a(r) at each order [TJ. For example 
in Ay? 4 theory, the leading IR effect to the potential is the 2n-th power of the logarithm at 
the n-th order of the coupling A [8]. These results indicate that the perturbation theory 
eventually breaks down after a large enough cosmic expansion. In oder to understand such a 
situation, we have to investigate the IR effect nonperturbatively. Remarkably in the models 
with interaction potentials, the leading IR effects can be evaluated nonperturbatively by the 
stochastic approach 0, EE] • However in a general model with derivative interactions, we still 
don't know how to evaluate the nonperturbative infra-red effects . 

As a model with derivative interactions, we have investigated the non-linear sigma model in 
[TTj . It is because the non-linear sigma model contains massless minimally coupled scalar 
fields. Furthermore it is exactly solvable in the large N limit on an Sn- We have evaluated 
the expectation value of the energy-momentum tensor. The coefficient in front of the metric 
tensor gives the matter contribution to the cosmological constant. The IR power counting 
argument predicts that there are (n — l)-th power of log o(r) at the n loop level. If so, the 
cosmological constant becomes time dependent at the two loop level. However we have found 
that there is a nontrivial cancellation mechanism beyond the power counting arguments. We 
have shown that the leading IR effects to the cosmological constant cancel out each other 
at the two loop level on an arbitrary target space. For a non-linear sigma model on an N 
dimensional sphere Sn, we have further shown that the cosmological constant stays the free 
field value in the large TV and weak coupling limit. It implies that the leading IR logarithms 
cancel to all orders. 

After obtaining these results, there arise two natural questions. Firstly we wonder whether 
the cancellation of the leading IR effects holds beyond the two loop level on an arbitrary 
target space. Secondly we would like to know whether the cancellation holds up to the 
sub-leading IR effect. It is our main purpose of this paper to answer these questions. In 
fact we show that the leading IR effects to the cosmological constant cancel out to all orders 
in perturbation theory. As for the sub-leading IR effect, it could appear at the three loop 
level. However we find that they again cancel out for a symmetric space. Furthermore 
we find there is a renormalization scheme to cancel them for a generic target space. This 
cancellation mechanism is specific to the action with two derivatives. We show that the 
leading IR effects do not cancel with higher derivative interactions. 

The organization of this paper is as follows. We introduce a scalar field theory in dS space, 
in particular, its IR behavior in Section 2. We recall the background field method for the 
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non-linear sigma model in Section 3. In Section 4, we prove that the leading IR effects to the 
cosmo logical constant cancel out each other on an arbitrary target space. In Section 5, we 
evaluate the the sub-leading IR effect to the cosmological constant at the two loop level. In 
Section 6, we restrict the target space to an Sn and consider the large N limit. We find that 
the effective cosmological constant in this case is time independent to all orders. In Section 
7, we investigate whether the effective cosmological constant on an arbitrary target space is 
time dependent or not at the three loop level. In Section 8, we evaluate the IR effects in a 
field theory with a higher derivative interaction term. In this model, the leading IR effects 
to the cosmological constant don't cancel out each other. We conclude with discussions in 
Section 9. 



2 Scalar field in the de Sitter space 

In the Poincare coordinate, the metric in de Sitter (dS) space is 

ds 2 = -dt 2 + a 2 (t)rfx 2 , a(t) = e Ht , (2.1) 

where the dimension of dS space is taken as D = 4 and H is the Hubble constant. In the 
conformally flat coordinate, 

g»v = a 2 (r)^, a(r) = (2.2) 
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Here the conformal time r(— oo < r < 0) is related to the cosmic time t as r = — -^e 

The quadratic action for a massless scalar field which is minimally coupled to the dS back- 
ground is 

Smatter = ^ J y/^jjcPx [-Q^ B^d v ^\ . (2.3) 

The positive frequency solution of the equation of motion with respect to this action is 

p (x) = ^(l-,i-) e — , (2.4) 
where p — |p|. We expand the scalar field as 

= / (0s Mp(*) + 4><W) • ( 2 - 5 ) 

We consider the Bunch-Davies vacuum |0) which is annihilated by all the annihilation oper- 
ators Va p |0) = 0. The propagator in such a vacuum is 

(<P(*)<PW)) = / (03 ( 2 - 6 ) 

r d 3 p H 2 TT' _ J_ .J_x ;p( r _ r ')+ip.( x _ x ') 

-J (2tt)3 2p [i l pr )[l + l pr' )e 
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Let us estimate the magnitude of the quantum fluctuation by taking the coincident limit 
of the propagator. It consists of the contributions from inside and outside the cosmological 
horizon as follows 

/ / s / ^ f d3p 1 n f d 3 P 1 . . 

<V(*M*)> ~ / IK-C,^ + H 2 / tk-t^, (2.7) 



P>H (2Ttf2P J P<H (2Ttf2PZ 

where P denotes the physical momentum P = p/a(r) = H\r\p. The ultra-violet (UV) 
contribution (P > H) is quadratically divergent just like in Minkowski space. It can be 
regularized and renormalized in an identical way. The logarithmic IR divergence due to the 
contributions from outside the cosmological horizon (P < H) is specific to dS space. To 
regularize this IR divergence, we introduce an IR cut-off Eq which fixes the minimum value 
of the comoving momentum as in [T2] . 



With this prescription, more degrees of freedom go out of the cosmological horizon at P = H 
with cosmic evolution. In contrast, the UV cut-off Auv fixes the maximum value of the 
physical momentum. While the degrees of freedom inside the cosmological horizon remains 
constant, the degrees of freedom outside the cosmological horizon increases as time goes on. 
The contribution from outside the cosmological horizon gives a growing time dependence to 
the propagator 

h 2 r H dP 

(tp(x)tp(x)) = (UV const) + — / — (2.8) 

H 2 H 
= (UV const) + — log (— a(r)). 

Physically speaking, we consider a situation that a universe with a finite spatial extension or 
a finite region of space starts dS expansion at an initial time The IR cut-off Eq is identified 
with the initial time U as 

log (-a(r)) = loge^), t % = ^log^. (2.9) 

Eq 12 ±1 

Henceforth we adopt the following setting for simplicity 

e = H <=>U = 0. (2.10) 

In this setting, the propagator is 

tt2 

(ip(x)ip{x)) = (UV const) + — log a(r). (2.11) 
This time dependence breaks the dS invariance as has been pointed out in PQ El E] ■ 



In the subsequent investigations, we evaluate the quantum loop effects. For this purpose, we 
need to regularize the UV divergences of the loop amplitudes. In this paper, we adopt the 
dimensional regularization. In D = 4 — e, the propagator for the massless and minimally 
coupled scalar field is expressed as [131 EH] 

(<p(xMx')) = A(y) + B log(o(r)o(r / )), (2.12) 
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where y is a dS invariant distance function 



y S (2 . 13 ) 

tt' 

5, (5 are defined as follows: 



^ r r(D-l+w) r y r _ r(f + 1 + W) 1 

^ L nr(f +n) l 4 j (2-f + n)(n + l)! l 4 j J' 

r ( jD _ x) 



(4tt)# T(f) ' 

5 = -^(i - y) + + V>(£> - 1) + ^(i), ^(*) = r'(^)/r(z). 

Although the dimensional regularization doesn't break the dS symmetry, the IR cut-off 
breaks it and induces the log(a(r)a(r')) term. 

We investigate the expectation value of the energy-momentum tensor as we are interested 
in how the IR logarithms contribute to the cosmological constant. The energy- momentum 
tensor appears on the right-hand side of the Einstein equation 

R»v - ^9fiuR + J^g^u = kT^, k = 8nG, (2.15) 

rp 2 5 S 'matter 

where A is the cosmological constant and G is the Newton's constant. As far as the dS 
symmetry is preserved, the vacuum expectation value(vev) of the energy-momentum tensor 
is proportional to g^ v with a constant coefficient 

(T^)=g, v T. (2.16) 

If the coefficient of g^ u becomes time dependent, the de Sitter symmetry is broken down to 
the spatial rotation and spatial translation. The term which is proportional to $®8 U ° emerges 
to preserve the covariant conservation low of the energy momentum tensor 

(T^=g„T(r) + a^r)5^Mr), (2.17) 

U(t) = r 3 Jdr r- 3 ^T(r) <= V^) = 0. 

Since the time dependence is caused by the IR logarithms, T is logarithmically larger than 
U. It is in this sense that the matter quantum IR effect could induce the time dependent 
effective cosmological constant 

A eff = A-KT(r). (2.18) 
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In the free field theory, the vev of the energy-momentum tensor is 

(T,u) = (W - \g»ug pCT )(d p ^). (2.19) 
From ( 12.12l) -( l2.14l) . we find that the contribution from the free field is time independent 

(T ^ ) = 32^^' Aeff = A ~ K 32^- (2 ' 20) 

In this paper, we work with the Poincare coordinate. The propagator and the energy- 
momentum tensor for a free field is investigated by using the global coordinate in [T5j IT6] . 
The result is a little different from (12. 20 p . However the difference rapidly vanishes at late 
times with the spatial expansion. So we believe the Poincare coordinate is sufficient to 
investigate the IR effects which grow with time. It is necessary that there exist interaction 
terms which contain undifferentiated scalar fields to identify the IR logarithms. Non-linear 
sigma models satisfy this necessary condition. In the subsequent sections, we investigate the 
IR effects in the non-linear sigma model and a model with a higher derivative interaction. 



Before investigating the interaction effects, we refer to the conformal anomaly. The conformal 
anomaly also contributes to the vev of the energy- momentum tensor [T7j. In the case of the 
minimally coupled scalar field in dS space, it leads to the following energy momentum tensor 
in addition 

29H 4 

This contribution has no time dependence because the conformal anomaly is the UV effect. 
In this paper, we focus on the time dependence of the effective cosmological constant induced 
by IR quantum effects. 



3 Non-linear sigma model 



In this paper, we investigate the IR effects of the non-linear sigma model in dS space. There 
are two reasons why we are interested in the non-linear sigma model. Firstly the non-linear 
sigma model contains massless and minimally coupled scalar fields due to the reparametriza- 
tion invariance of the target space. Secondly we can investigate nonperturbative effects as 
it becomes exactly solvable in the large N limit. 



The action of the non-linear sigma model is 



Smaller = ^J V^Q^X G tj (<p) {-g^d^d^) , (3.1) 

where g^ v is the metric of the dS space, g 2 is the coupling constant and Gij(i = 1 • • • N) 
is the metric of the target space. The reparaterization invariance of the target space is the 
important symmetry of the non-linear sigma model as it follows from the consistency as 
a quantum theory. The dimensional regularization respects this important symmetry. We 
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adopt the background field method which is manifestly covariant. The action is expanded 
as follows [T8l 



Smatter ~ j V^^X [G^g^d^ifP ~ RcUj{<p)?Z (3.2) 



- -R cldb m c zV u (D,o%v i 

- l -D e R cldb mX d Cg" u {D,i) b d v ^ 

+ g^{D^)\D^f - ^R cadb (if)aV u (D,O a (DuO b 



- -D e R cadb m% d Cg^{D,i) a {D v i) b 

+ (-L DeDfRcadb{ip) + ^ cadRgebf ^))ceCi f g" u {D,i)\D u i) b + •••], 

where (p % are the background fields, £ l are the quantum fluctuations. Here Rikji is the 
Riemann tensor and the covariant derivative are 

^f = ^ ! + r ! /^- (3.3) 

By using the vielbein e°- , we can work in the flat tangential space E N instead of the target 
space 

e = e t a e, (D^r = d»e+<%v i e, (3.4) 

where 00^ is the spin connection. Henceforth we rescale the quantum fluctuations £ a / ' g —¥ £ a 
for convenience. 

Since we are interested in the contribution to the cosmo logical constant, we can set the 
background fields (p % zero. The vev of the energy-momentum tensor is 

(3-5) 

(d P ed„e - jRcadbe^dpCd^ - g ^D e R mdb ?t d ed P t a d a e 

+ (-^ De D f R cadb + 2 -^R\ ad R gebf )^ d i e i f d p ^d a e + •■■). 

A propagator left intact by differential operators (£(x)£(a/)} can induce a single IR logarithm. 
The power counting procedure for the leading IR logarithms in the expectation value of the 
energy-momentum tensor is explained in Appendix A. The conclusion is that the maximum 
time dependence of the energy-momentum tensor at the n-th loop level is log™ -1 air). We 
call it the leading IR effect or the leading IR logarithms. It also predicts the log™ -2 a(r) 
factor as the sub-leading effect. We investigate the leading IR effect in Section 4 and the 
sub-leading IR effect in Section 5 and 7. 



*Our convention is R l jU = d k T z jl - diT 1 jk H and R i3 = R k ikj - 
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4 Cancellation of the leading IR effects 



In [TT], we have shown that the leading IR effects to the cosmological constant cancel out 
each other at the two loop level on an arbitrary target space. Furthermore we have shown 
such a cancellation to all orders in the large N limit on an Sn as explained below. The 
power counting of the IR logarithms indicates that even if g 2 H 2 <C 1, the perturbation 
theory breaks down after g 2 H 2 log a(r) ~ 1. In fact we can show that the growth of the IR 
logarithms stops after that as the scalar fields become massive. In such a situation, we need 
to resum these large logarithms. If the leading IR logarithms of the energy-momentum tensor 
cancel in the nonlinear sigma model, the matter contribution to the cosmological constant is 
estimated of order g 2 H 2 . In fact such an estimate is consistent with the large N limit as we 
have found the identical result with the free field theory in the weak coupling limit. So we 
are interested in whether the cancellation of the leading IR effects holds to all orders on an 
arbitrary target space. In this section, we show that such a cancellation indeed takes place. 

We have shown the cancellation of the IR logarithms of the energy-momentum tensor up 
to the two loop level in an explicit calculation [TT]. R.P. Woodard pointed out to us that 
such a cancellation can be confirmed by a partial integration method. We demonstrate this 
procedure in what follows as it can be extended beyond the two loop level. 

The contributions to the energy-momentum tensor at two loop level consist of the following 
two terms 

m a d«oy (4.i) 

= J V^g J d D x' {i^-RG ++ (x', x') - i(5f3 + 25-?)R} 

x g a \r')[d p d' a G ++ {x,x')d a d' p G ++ {x,x') - d p d , a G + -{x,x , )d a ^G + -(x,x')] 
+ f \/ Z g'd D x' % 9 —R lim & a &LG ++ (x',x") 

J 3 x"— tx' 

x g a ^T')[d p G ++ (x,x')d a G ++ (x,x') - d p G + -(x,x')d a G + -(x,x')] 
-J y rZ 9 1 d D x' ijRd' a G ++ (x',x') 

x g a P(T , )d'p[d p G ++ (x,x')d a G ++ (x,x') - d p G + -(x,x')d a G + -(x,x')], 

- jRcadbiC^dpCd^)^ + + 26 1 )R ab (d p ed a e)\ g0 (4.2) 
9 
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= - r—RG ++ (x,x) - (5(3 + 25-f)R\ lim 9 p ^G ++ (x, x') 
a 2 

+ ^-Rd p G ++ (x,x)d a G ++ (x,x). 
We have introduced the following counter term to renormalize the UV divergent coefficient 

-^R^g^d^d^, 5P = ^ A D ~l T ^~^ 6- (4.3) 



7 



We have also renormalized the quantum fluctuations 

€^€ + hR l 3 m j - (4.4) 

Here we set £7 as follows to renormalize the UV divergence of the kinetic term for the 
quantum fields 

,0 or 9 2 H D - 2 T(D - 1) . 

5 p + 2 5 1 = y -— 1J ^— 1J -±5. (4.5) 



3 (4tt)t r 



We use the Schwinger-Keldysh formalism to evaluate these expectation values [5j |6] 

G ++ (x,x>) = (TOWbtf)), G + -(x,x') = fcWbix)), (4.6) 
where T denotes the time ordering and £j denotes the fields in the interaction picture. 

Here we focus on the leading IR effects and retain the parts which can induce a single 
logarithm log a(r) 

(dp?d*e)\g> (4-7) 

- J V Z 9 1 d D x' {i^RG ++ {x\ x') - i{5/3 + 25-f)R} 

- jRca db (^%Cd^ b )\ g » + (5/3 + 257)^^01,0 (4.8) 
a 2 

~ - {^-RG ++ {x,x) - (5fi + 25-f)R} lim d p d' a G ++ (x, x'). 

3 x'—tx 

As pointed out in [IQIEEH], the partial integration is very useful to evaluate the time dependent 
contributions in the diagrams with derivative interactions. By using the partial integration, 
the contribution from the "propagator" term is written as 

(d P t a d a i a )\ g . (4.9) 
~ J d D x' d' a {ijRG ++ (x',x') - i(5(3 + 25-?)R} 

x ^f^g'g^(T')[d p G ++ (x 1 x')d CT d'pG ++ (x,x') - d p G + -(x,x')d a d^G + -{x,x')} 
- J d D x' {i^RG ++ (x', x') - i{5(5 + 25-f)R} 

x [d p G ++ {x,x')d aV ^V 2 G ++ {x,x') - d p G + -{x,x')d r7V ^g~'V 2 G + -{x,x')}, 

where V 2 = -^^d p {^/ —gg^ d u ) . Note that the surface term is zero because r — > is outside 

the past light corn and log a(r) = at r = — —. The first term doesn't induce a single 
logarithm and so we neglect it. By using the following identities 

V^7v /2 G ++ (x,x') = i5 {D \x -x'), v /Z 7v /2 G + -(x,a; / ) = 0, (4.10) 
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the "propagator" term is 

(d P ed*e)\ 9 * (4.ii) 

/2 
d D x' {jRG ++ (x',x') - (5f3 + 25-f)R} x d p G ++ (x, x')dJ (D \x - x') 

n 2 

= {^-RG ++ (x,x) - (5(3 + 25-?)R\ lim d p d' a G ++ (x,x') 

3 x'— >x 

+ / - (5/3 + 25 7 ) J R}9 p G ++ (x,x') 

- (5(3 + 25j)R\ lim 9^G ++ (i,3;'). 

3 x'^tx 

Here we have used the partial integration and neglected the term which doesn't induce a 
single logarithm. From ( 14. 8 p and ( 14. lip , the contributions from the "vertex" term and the 
"propagator" term cancel out each other up to the leading IR effect 

(dpCdaC) \ 9 * - ^Rca db (^%Cd^ b ) | s o + (5/3 + 25 7 )iU(<9 P C<9 CT £ b > \ g0 ~ 0. (4.12) 



The above prescription is easily understood by using the Feynman diagrams. The leading 
IR contributions from the "propagator" term and the "vertex" term are represented by the 
following diagrams 

(d P ed^ a ) ip*- H> ( 4 - 13 ) 



-jR C a db (ez%ed„e)\ 9 ° + + 257)^^0 1 9 ° ^ c^c, (4.14) 

where the dot denotes the location of the energy-momentum tensor x. The short line seg- 
ments on the propagator denote the differential operators. By using the partial integration, 
the "propagator" term is 



(4.15) 



We neglect the first diagram because it doesn't induce a single logarithm 



(4.16) 



Here the double line segments denote a/— g'V' 2 . By using ( I4.10p and the partial integration, 



(4.17) 
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In the last process, we neglected the first diagram since it doesn't induce a IR logarithm. As 
a result, the "propagator" term cancels out the "vertex" term up to the leading IR effect. 

The diagramatic investigation is useful beyond the two loop level. We can indeed confirm 
that the leading IR effects cancel between the "propagator" terms and the "vertex" terms. 
Let us recall that the interaction terms in the non-linear sigma model contain two derivatives. 
Each diagram with the leading IR logarithms contains a closed loop of the twice differentiated 
propagators which runs through the vertex located at the external point x. The other 
diagrams are obtained if we remove any of the differential operators from the closed loop 
and let them act on the other propagators outside the loop. We can show that such diagrams 
always have reduced powers of the IR logarithms. We explain the details of the IR power 
counting in non-linear sigma models in Appendix A. 

Therefore in the "vertex" terms, the diagrams with the leading IR logarithms contain the 
following structure: 



(The "vertex" terms) 




(4.18) 



To evaluate the leading IR effects of the "propagator" terms, we have only to consider the 
diagrams where <9p£<9 CT £ is inserted to one of the propagators of such a loop: 



(The "propagator" terms) 




(4.19) 



When the closed loop consists of a single propagator, we obtain 




(4.20) 



The important point is that there are equal number of the propagators and the vertices in 
a close loop. The "vertex" terms count the vertices while the "propagator" terms count the 
propagators. The "propagator" terms cancel the corresponding "vertex" terms. To prove 
the cancellation in general, we focus on a pair of the corresponding terms: 

= F f ^g~'d D x' g^(r') *9n(+, i) (4.21) 

J i=± 

x • • • <9f d p G l+ (x'"\ x)d a d' a G +i (x, x'^&l'G^ix', x'") • • • , 



= -iFj y/^fd D x" j ^d D x' <^(t'W) £ sgn(j,+)sgn(+,i) 

i,j=± 

x • • • %"&fi lj {x"", x")%d p G j+ (x", x)d a d' a G + \x, x')&p&l'G ik {x', x'") 

(4.22) 
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where F is a common coefficient between the "propagator" term and the "vertex " term 
which is a function of covariant tensors such as R ca db and sgn(i,j) is defined as 



sgn{i,j) 



■ I for = (+,+), (-,-), 
-1 for = (+,-), (-,+). 



(4.23) 



Note that (I4.22p has the extra prefactor — i compared with ( 14.21)) . It is because the "propa- 
gator" terms have one more vertex than the "vertex" terms. By using the partial integration, 




+ iF ! d D x" I y^d D x' g^(r') ^ sgn(j,+)sgn(+,i) (4.24) 
J J i,j=± 



x • ■ ■ d'^"G l ^x"", x")d p v ^ 77 V ,/2 G J+ (a; // , x)d a & a G +i {x, x')d' p d'l'G ik {x\ x'") 



where we neglected the diagrams which don't induce the leading IR effects. By using (I4.10p 
and the partial integration, 




J i=± 



(4.25) 



x • • ■ d'?'d p G l+ (x"'\ x)d a d , a G +i (x, x')& p &l'G ik {x', x"') 



Here we neglected the diagrams which don't induce the leading IR effects again. From (14.211) 
and (I4.25p . we obtain 





(4.26) 



This concludes the proof that the leading IR logarithms cancel in non-linear sigma models 
to all orders. 



5 Sub-leading IR effects at the two loop level 

In this section, we investigate the sub-leading IR effects to the cosmological constant at the 
two loop level. 

To perform the calculation efficiently, we note that the dS invariance is preserved up to the 
two loop level. It is because the leading IR effect: log a(r) is absent. So the vev of the 
energy-momentum tensor is written as 
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We have only to evaluate the trace of the energy-momentum tensor. 

In the non-linear sigma model, the trace of the energy-momentum tensor is 



(T/> = (y - 1)(-{1 + (5/3 + 25 1 )R}g^d,CduC + yiWTV^'UO (5.2) 
,D „ 1 



= v - - 1)(-{1 + (5(3 + 25 1 )R}^V 2 (CC) + {1 + (5/3 + 25 7 )i?}rV 2 r 
= (y - + (5/3 + 25 7 ) J R}iv 2 (m 

6 V~g 

In the third line of (15. 21) . we have used the equation of motion 

{1 + (5/3 + 25 7 )i?}V 2 C - j(i2c«Kft + R Ma )^d^X d sf=g~g^d v £ h ) (5.3) 

^2 



+ |"(i?cad6 + RcMa)i h g^d^ C d v i d = 0. 



Up to the two loop level, 



(V> = - - i)^ 1 + + 257)^}v 2 (rr) (5.4) 

+ (y - l)y (i2c«ft + iUfaXC^V^ 6 + £T^V^ 6 ). 

2 iJ 2 ^ 5; + l 2 ' 3 (4vr) D P(f) 1 J 

+ ^%^ l0ga(T) -2^- 

In the third line of ( 15. 41) . we have used (14.51) . To evaluate the sub-leading IR effects, we have 
to calculate the two point function up to g 2 log a(r). In Appendix B, it is evaluated as: 

(COI^ * |r^{ - log 2 o(r) + 6(-2 + log2 + 7 ) loga(r)} (5.5) 



2 5 • 3vr 4 

2^^- 4 r%p-i) 

+ — (4^ P(f) ^° gQ(r) ' 



where 7 is the Euler's constant. From (15.4ft and ( 15. 5ft . the trace of the energy-momentum 
tensor up to the two loop level is 

, „, 3# 4 ,D ,g 2 RH 2D ~ 2 T 2 (D- 1) , 

(V> = ^ + ( T - 1 ) '(4^ P(f) ^ " 1)5 (5 - 6) 
-^" (13 - 6l0g2 - 67) - 
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At the two loop level, we have confirmed that the matter contribution to the cosmological 
constant is time independent. To obtain the time dependence of the effective cosmological 
constant, we have to investigate the sub-leading IR effects beyond the two loop level. In 
Section 7, we investigate the sub-leading IR effects at the three loop level on an arbitrary 
target space. Before investigating it, we consider the non-linear sigma model on an Sn in 
the large N limit in the next section. 



6 Non-linear sigma model on Sn in the large N limit 



In the case that the target space is an Sn, by introducing the auxiliary field Xi t ne action of 
the non-linear sigma model is written as 




where i — 1 • • • N + 1 . The field x imposes the following constraint 

( V r = i (6.2) 



In the large N limit, we can neglect the fluctuation of x- So the action reduces to a free 
massive scalar field theory plus the constant term xl 9 1 ■ Here the auxiliary field is identified 
as the mass term: x = m2 - 

In order to satisfy the constraint ( 16. 2p . we have to introduce the classical expectation value 
{(p l c i(x)) 2 in addition to the quantum one ((^(x)) 2 ): 

= + ((Pi*))*) = \- ( 6 - 3 ) 

9 

It is because 1/g 2 is a constant and even if a scalar field is massive, its propagator is time 
dependent until t ~ 3H/2m 2 [UEIE]. At the coincident point, the propagator for a massive 
field is written as 



(4vr)- r(£ + f)T(± - v) 



H D ~ 2 I»r(2z/) (a(r)) 2l -( D - 1 ) 
( 47 r)#r(^i)r(i + ^) v-2=± 



where v = \/(D — l) 2 /4 — m 2 /H 2 and we have adopted the assumption: m 2 /H 2 1. 
The UV divergence in (16.41) is renormalizable by the coupling constant renormalization: 
1/g 2 1/g 2 - 5g 2 /g\ 

From (I2.17p . the g^ v term is always dominant in the energy-momentum tensor irrespective 
of whether the dS invariance is respected or broken 

(T, v ) ~ ^(T/). (6.5) 
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The trace of the energy-momentum tensor is 



(T/) =(-( j - 1)<T<W«W - y™ 2 ((^) 2 - {j 2 - 6 -f))) (6.6) 

= (§ -i)(-^vV) 2 + ^V) 2 ) 



,0 2 1 tfp 2 

Here we have used the constraint (16. 2ft and the equation of motion 

VV - mV = °- (6-7) 



First, we confirm the result (15. 6p in the leading order of N. To do so, we expand (16. 4p up to 
0{m 2 /H 2 ) 



(( v'(.r)) 2 )^(iV + l) ^ r( ^ 1) (21«» t >»(7)- l rt) (6.S) 
(4vr) 2 1 ^ J 

,2 P H 2 



+ (N + 1) — - — { log 2 a(r) + 2(2 - log 2 - 7 ) log a(r) } + X 



12tt 2 



Here X denotes the UV divergent constant at 0(m 2 /H 2 ). To evaluate the two loop effect, 
we don't need to know its value. To renormalize the UV divergence at t = 0, we choose the 
counter term as 

(<4^)) 2 = \-{N+ l) 2H A D ~» n °~^ \oga{r) (6.10) 
9 2 (4vr)- r(f) 

9 

+ (N + ^g 2 + 2(2 - log 2 - 7 ) loga(r)}. 

By substituting (16. 1 01) in the equation of motion 

VVi-mVci = 0, (6.11) 

we evaluate the mass term 

iJ g r(D) _ (AT + 1) 2 g i H e 
(4tt)t T(f ) 2V 



™ 2 = (jv + ly , xa ; p - 1 .z/ (13 - 6i og2 - 67 ). ( 6 .i 2 ) 



The value at 0(g 2 ) is consistent with the result in (20]. Note that the assumption m 2 /H 2 <C 1 
is consistent if Ng 2 H 2 < 1. From (lBTB) . (163]) and (1512)1 . 



3# 4 2/ N2/ D ,/r 2D - 2 r 2 (D-i) 

# 2 (iV + l) 2 # 6 



2 6 7T 4 



-(13-61og2-6 7 ). 
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As we recall R = N(N — 1) on an Sn, the result coincides with (15. 6 j) in the leading order of 
N. 



Our interest is whether the effective cosmological constant becomes time dependent if we 
consider the higher loop effects. From (16. 6p we find that the effective cosmological constant 
is time independent as long as the effective mass is time independent. If the effective mass 
becomes time dependent, the energy-momentum tensor has the UV divergent term whose 
coefficient is time dependent. The counter terms are highly restricted in the non-linear 
sigma model on an Sn in the large N limit. Since (p l (p l is constrained to be a constant, 
possible scalar field dependent counter terms must contain g^d^d^ip 1 . In the large N limit 
they must be bilinear in (p l with the indices i contracted. Time dependent UV-divergences 
cannot be renormalized by the cosmological constant or possible other counter terms such 
as Rgg^d^dyip 1 where R g is the scalar curvature of dS space. The significance of this kind 
of counter term will be explained in the next section. On the other hand, we expect the 
renormalizability to hold if we allow all possible counter terms. Therefore we argue that the 
effective cosmological constant is time independent on an Sn in the large N limit even if we 
consider the full IR effects. 



7 IR effects at the three loop level 



Following the result in the previous section, it is natural to ask whether the effective cos- 
mological constant has time dependence on a generic target space. As we have shown the 
cancellation of the leading IR logarithms to all orders, there is no log 2 a(r) type term at the 
three loop level. However there could still exist a sub-leading log a(r) type term in a generic 
non-linear sigma model. In this section, we investigate such IR effects on a generic target 
space. 

From (13. 5p . the vev of the energy- momentum tensor up to the three loop level is 



P<T\ 



(7.1) 



+ (-^D e D f R cadb + ^K ad R g e bf m d ez f d P ed„e)- 

The contribution at the three loop level consists of the three kinds of diagrams 



2g 4 



(T, v ) = (5^5/ - -g, u g 



(The chain diagrams) + (The circle diagrams) 
+ (The clover diagrams) 



These diagrams are represented as 



(7.2) 



(The chain diagrams) 



9 4 ab 



+ 



+ 



(7.3) 
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(The circle diagrams) = -i^-R cadb R ca db 

6 




(The clover diagrams) = (^R ab R ab + j-.R"""'R,. - —D'H) 



45 



10 





+ ■ ■ 



Unlike in Section 4, we explicitly factor out the coefficients which are combinations of R ab R ab , 

TDcadb d 7 - )2 d 

First, we reconfirm the cancellation of the leading IR effects of 0(\og 2 a(r)). By using the 
partial integration, we find 



+ 



-2 T - 2 



0(log a(r)), 



(7.4) 



+ 



0(logo(r)), 



+ 



- 2 I1 - 2 ft =0(loga(r)), 



+ 



-2 ]H - 2 J) =0(logo(r)), 




+ 






C(loga(r)), 



(7.5) 







0(loga(r)). 



(7.6) 



From f)7.4p . (J73J) and (17. 6p . we can show that the total of the diagrams in (17. 2\i doesn't have 
the leading IR effect. Note that the leading IR effects cancel pairwise between a "propagator" 
term and a "vertex" term in accord with our proof in Section 4. 



Next, we investigate the sub-leading IR effect. In Section 6, we have shown that the vev of 
the energy-momentum tensor has no time dependence on an Sn in the large N limit where 



R ab R ab = N(N - 1)" = C^iV 3 ), R caab R cadb = 2N(N - 1) = 0(N 2 ), D 2 R = 0. (7.7) 



■ycadb 
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Therefore, the result in the large N limit implies the cancellation of the time dependence 
between the following diagrams 



9 A ab 

-^-R a Rab 




2S 4 nab 



45 



R ao R 



ab 





const. (7. 



In order to investigate the sub- leading IR effect, we only need to consider the remaining 
diagrams. By using (17. 5p and (|7.6|) . the remaining diagrams are written as follows 



• 9 Tjcadb d 
I— It rtcadb 



-4 






(7.9) 






+ (—R^Rcadb ~ —D 2 R) 




+ 2 





-6 




By using the partial integration, we find 






(7.10) 



From this identity, the clover diagrams of ( I7.9P are written as follows 



4 4 
(9 -Qcadb p 9 n 2 td\ 
~3 K cadb — L> ti) 





+ 




(7.11) 



The third diagram in the right hand side does not induce an IR logarithm: 




const. 



(7.12) 



We can confirm its time independence without an detailed calculation as explained in Ap- 
pendix A. Thus the clover diagrams are estimated as 



4 4 
r9 rycadb r> 9 n 2 n\ 
V_ 3" Kcadb 2 ' 





(7.13) 
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In a similar way, we investigate the circle diagrams of ( 17. 9p . By using the partial integration, 
we find 







(7.14) 



From this identity, the circle diagrams are evaluated as 



• 9 rycadb p 
I — H ricadb 
O 





+ 




+ 3i 




(7.15) 




+ 5 




In addition, we find the following identities by using the partial integration 





1 
i— 
2 




(7.16) 








(7.17) 



From the above relations and ( I7.10p . (I7.15P is 



• 9 jjcadb p 
l — K ricadb 
O 



2i 




2i 




Si 




(7.18) 



+ 3 





By using the power counting in Appendix A like in ( I7.12p . we can confirm the time indepen- 
dence of the following diagrams 






const . 



(7.19) 



So the circle diagrams are estimated as 



9 Tycadb r> 
~~3 Kcadb 





(7.20) 
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From (17. 9p . (I7.13P and (I7.20p . we conclude that the vev of the energy-momentum tensor at 
the three loop level is 



ft 



( W - l^9 pa ) x - 9 -^D 2 R 





(7.21; 



Here ~ denotes the equality with respect to the time dependent terms. The sub-leading IR 
effects which are proportional to R cadb R ca db cancel out each other. Unlike the leading IR 
effects, this cancellation takes place between the different kinds of diagrams, between the 
clover diagrams and the circle diagrams. On the other hand, only the clover diagrams have 
the coefficient D 2 R. That is why the sub-leading IR logarithm is proportional to D 2 R. Note 
that D 2 R vanishes on symmetric spaces such as an Sat- Therefore the time independence 
of the cosmological constant on an Sn also holds with finite N at the three loop level. 
Furthermore, we point out that the identity (17.81) can be confirmed also by using the above 
diagramatic investigation. 

The contribution from the remaining two diagrams is evaluated in Appendix C as 



^ W^- 2) ^^^iW) - 7 Mr) I (7.22) 



(4tt) 
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Note that the coefficient of log a(r) is UV divergent and it is not renormalizable by the 
existing counter terms (14.31) . (14.41) . The time dependent diagrams arising from ( 14. 3D and 
p~4|) are 



i^(5f3 + 25-f)R ab R ab 




(7.23) 



+ g 2 5(3^D 2 R-±R ab R ab ) 



+ OO 



where a small dot denotes the counter term insertion. By using the partial integration, we 
find 




r-u \ m / r-^j 



(7.24) 



From these identities, the total contribution from (14. 3p and (14.41) is time independent 



0. 



(7.25) 



It is why (I7.22p is not renormalizable by ( 14. 3 j) and (14. 4p . 



This time dependent UV divergence can be renormalized by introducing the following counter 
term 



5a 



5 a C = —(R g - D(D - VH^Rijirfg^d^drf 



(7.26) 
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where R g denotes the Ricci scalar of spacetime. The necessity of this kind of counter term 
in \ip A theory has been pointed out in [8]. The only effect of the counter term is to modify 
the energy-momentum tensor as: 

S a (T^) = -28a{g^((D - 1)H 2 K + V 2 K) - V M V^}, (7.27) 



K = (RabQ^d^e + ( 9 jD c D d R ab - 9 jR e cad R eb mV u d,Cdue)- (7-28) 

In a similar way to the leading IR effect at the two loop level, we find that the following part 
of (I7.28P has no time dependence 

RaigrdrtdMf - 9 jR e cad Re b (^V u d,Cd,e}\ 9 o * 0. (7.29) 

We fix 5a to renormalize the two loop matter contribution to the cosmological constant in 
(T5~6|): 

Jl n 2 R jjZD-2 r2/n _ i \ n _ i 
-25a(D - l)H 2 R ab (g^d^d u e)\ g ° = ~ ( j ~ ^71j D 6 ( 7 ' 3 °) 

+ a A 13 - 6 log 2 - 67 + y - A C, 
2 8 tt 4 v 1 2% 4 

where we have used V fj,{g pcr dp^ a d a ^ b )\gO = 0. Note that there is a finite ambiguity C when 
we renormalize the UV divergence. In particular the two loop effect is completely canceled 
by the counter term up to O(e ) by setting C — 0. The result is 

c £-2 g*H D -*T(D-l) s > g 2 g 2 

5a = - w{D-i) (47 r)# r(|) 5 + (13 " 6 log2 " 67) + W^ C - ( ? - 31 ) 

At the three loop level, this counter term gives rise to the the following time dependent term 
- 25ag^(D - 1)H 2 x 9 ^D c D d R ab {iX d 9 pa d^d^)^ (7-32) 



;r ,(D-2)(D-l)H 3D - i T 3 (D-l) );] , , 



iJ 8 CiJ 8 
+ M 4 D 2 i? (13 - 6 log 2 - 67) logo(r) + g^g 4 D 2 R 7 — loga(r), 
z xx 7T z 11 ^" 

where we have used the fact that V tl (£, c £, d g pcr dp£ > a d a (l b ) \ g o is constant. From (I7.22p and (I7.32p . 
we find 

{T^ l )y * 9^9 4 D 2 R^ Iogo(r). (7.33) 

We have thus shown that the energy-momentum tensor can be renormalized up to the three 
loop level with the counter terms we have identified. The resultant time dependence of the 
cosmological constant is proportional to D 2 R. However it is also proportional to a finite 
subtraction ambiguity C. Therefore there exists a renormalization scheme with C = in 
generic non-linear models which preserves the dS symmetry up to the three loop level. 
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8 IR effects of a higher derivative interaction 



In this paper we have shown there exists a cancellation mechanism among IR logarithms 
beyond the power counting estimates in non-linear models on generic manifolds. The leading 
cancellation occurs between the "propagator" and "vertex" terms as there are one to one 
correspondences between them. This feature is specific to the interaction terms with two 
derivatives. Therefore such a cancellation does not take place if we consider the higher 
derivative interaction terms. In this section we investigate a model with a higher derivative 
interaction term where the leading IR effects to the cosmological constant doesn't cancel out 
each other. We adopt the following model as a specific example: 

Smatter = J y/=9#X [ ~ -^d^d^ - ^-^)\g^d^d v ^f\ , (8.1) 

where % = 1 • • • N. Note that we have also introduced the scalar field left intact by dif- 
ferential operators in the higher derivative interaction term. In addition, we impose O(N) 
symmetry on the action because it becomes exactly solvable in the large N limit. The 
energy-momentum tensor is written as 

(t,„) = ( <yv - \^9 p n (8.2) 
+ oyv - \g^n{^M) 2d P v ] d^ g ^d aV k d, v k ). 

Note that the g pv dependences of the "propagator" term and the "vertex" term are different 
from those in the two derivative interaction models. 



The quantum corrections arise at the three loop level. The leading IR effects from the 
"vertex" term and the "propagator" term are 

A (( V l )%^d a ^g^d aV k d^ k }\ x o (8.3) 



AN 2 

~ N^G ++ (x,x) lim d p d' a G ++ (x,x')g a(5 d a d'G ++ (x,x') 

4 x'—>x 

+ -G ++ (x,x) lim d p & G ++ {x,x')g aP d a d' a G ++ {x,x') 

2 x'^rX 

1 3 2 XH 10 
^ + g P „{N + log a(r), 

(d pV %^}\ x (8.4) 
'.-iN^ [ \T^d D x' G ++ (x',x') lim d' a d''G ++ (x' ,x") 

4 J x"—>x' 

x g a \r W) [d^G^ix, x')d a d' s G ++ (x, x') - d&G + -{x, x')d a & 8 G + -{x, x')} 
I \T I 9'd D x' G ++ (x',x') lim x") 

2 J x"^x' 

x <? a/3 (r VV) [d p d' y G ++ (x, x')d a %G ++ (x, x') - d^G^ (x, x')d a %G + -(x, x')] . 
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By using the partial integration and extracting the leading IR effects, the "propagator" term 



is 



{d p <p%tf)\ x (8.5) 
~ + iN- [ d D x' G ++ (x',x') lim d' a d"G ++ (x\x") 

4 J x"^rx' H 

x g aP (r') [d p G ++ (x,x')d aV ^V 2 G ++ (x,x r ) - d p G + -(x,x')d a ^/^fV 2 G + -(x,x')] 
+ i~ / d D x' G ++ (x',x') lim d' a d'aG ++ (x' ,x") 

8 J x"^rx' 

x g^{r') [d p G ++ (x, x')d CT ^/^g 1 V 2 G ++ (x, x') - d p G + ~(x, x')d a v /r 7v /2 G + -(x, x')] . 
Here we have used the fact : \im x ii^ x ' d' a d'^G ++ (x f , x") = g a p(T r ) x const, and 

9 a5 {r')g a ^T')g^{r') (8.6) 
x [dpd'^ix^^d^G^ix^') - d p d^G + -{x,x')d a %G + ~{x,x'^ 

x [d p d! y G ++ {x,x')d^ s G ++ {x,x') - d p d' 7 G + -(x,x')d a d , s G + -{x,x% 
By using (14.101) and the partial integration, 

(d p <p%<p% ~ - (N+ ±.)±G ++ (x,x) lim d p d' a G ++ (x,x')g^d a d^G ++ (x,x') (8.7) 

1 3 2 XH 10 

r 2 12 tt 

By substituting @£S) and (J82D in (JH^D, 



-^(iV+-) o1 fi loga(r). 



(T pv ) * g pv N— + ^(iV + -)-±- r loga(r) + a 2 (r) W(iV + (8.8) 

Here we have evaluated the coefficient of the S^Sj 3 term by the conservation law. Unlike the 
non-linear sigma model, the leading IR effect of the energy-momentum tensor is nonvanishing 
in this model. The effective cosmological constant decreases with cosmic evolution 



A e// ~ A - kN— - n{N + loga(r). (8.9) 



The perturbation theory breaks down when XH 6 log a(r) ~ 1. In such a situation we need 
to sum up all leading IR logarithms. We can evaluate such a nonperturbative IR effect in 
the large N limit. By using the auxiliary fields a, /3, the action is written as 

Smatter = J y/^fa [ - ^(1 + OL^d^d^ ~ + N ^a(3 2 ] . (8.10) 

By differentiating the action with respect to a, (3, 

« = ^\/| ( ^ )2 ' ^aWf^V^- (8 ' n) 
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In the large N limit, we can neglect the fluctuation of the auxiliary fields. So the action 
reduces to a free massive field theory plus the constant term iV \/2/ '\a(5 2 . We can evaluate 
the saturation value of the following vevs 

<(^) 2 > - ^ (8-12) 

WdrfU) = ^v 2 ((^) 2 ) - y vy> 

B 2 



1 + a(3 



1 : n 3H ' 



1 + a/3 8vr 2 

Here we have adopted the assumption: f3 2 /H 2 <C 1 and used the equation of motion 

(1 + a/3) VV - /9V = 0. (8.13) 

From (18TT2]) . (IHTTj) is written as 



1 /A A T 3H 4 1 /A -1 3# 4 /oi „ 
^ivV^-^W = 2iV V 2 ' T+oiS 8tt2"' (8 - 14) 



By solving flHTUEj) . 



tt = i./f.l£l, P = (8.15) 
9 V A 3if 4 2V2 8vr 2 v ; 

Furthermore, the trace of the energy- momentum tensor is written as 

(T/) = (-(1 + aflg^d^drf - 2/3 2 (^) 2 + 4iVy|a/3 2 > (8.16) 

= (-(1 + a/3)^V V) 2 + (1 + a/3)^VV - 2/3 V ) 2 + 4iVy|a/3 2 ) 

= (_/3 2 y) 2 + 4iVy|a/3 2 ). 
In the third line, we have used the equation of motion (18.131) . From (I8.12p . (18.151) and (I8.16p . 

<T/> ~ 3N^. (8.17) 



(T» u )^g, u N— + g, u N— (8.1* 



The vev of the energy-momentum tensor is 

3H 4 3H 4 

Note that the difference from the free field value is not suppressed by the coupling constant. 
It is the result of the resummation of the leading IR logarithms to all orders. The effec- 
tive cosmological constant decreases with cosmic evolution at the initial stage, while it is 
eventually saturated at the value 

o tt4 o ttA 

A ef f = A - kN- — - - kN- — -. (8.19) 
et) 32tt 2 16tt 2 v ' 
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9 Conclusion 



In our previous paper [IT], we have investigated the non-linear sigma model in dS space. We 
have shown the leading infra-red effects to the cosmological constant cancel out each other 
at the two loop level on arbitrary target space. Furthermore they cancel to all orders in 
the large N limit on an Sn- In this paper, we have extended these investigations. We have 
shown the cancellation of the leading IR effects in non-linear sigma models on an arbitrary 
target space to all orders. In the large N limit on an Sn, we have further shown that the 
effective cosmological constant is time independent even if we consider the full IR effects. 
Although sub-leading IR logarithm could arise at the three loop level in a generic non-linear 
sigma model, we have shown that there is a renormalization scheme to cancel it. 

We may reflect these results as follows. As discussed in [21], the Schwinger-Keldysh formalism 
is necessary to evaluate the perturbative effects in de Sitter space. In this sense, our problem 
belongs to nonequilibrium physics. However it may be described by an Euclidean field theory 
on S4 if an equilibrium state is eventually established. In fact, in the models with polynomial 
interactions, the eventual equilibrium state in the stochastic approach [9j [10] is recovered by 
considering the zero mode dynamics in an Euclidean field theory [22] . 

If such a correspondence works in the non-linear sigma model, we may retain the zero mode 
in Gij(ip) and the nonzero modes in g^d^dptp* to obtain the leading IR effects. In this 
approximation, the action is equal to the free field action because Gij(ip) has no coordinate 
dependence and can be put to identity by rescaling the nonzero modes. This argument 
may explain why the leading IR effects to the cosmological constant cancel out each other. 
Furthermore, the action on an Sn does not contain fields left intact by differential operators 
due to the constraint (y?*) 2 = 1/g 2 . So the effective cosmological constant is time independent 
because there is no contribution from the zero mode. 

The above nonperturbative considerations don't constrain the sub-leading IR effect on an 
arbitrary target space. We have investigated IR effects up to the three loop level where the 
sub-leading IR effect could induce time dependence. We have found that the sub-leading IR 
effect to the cosmological constant remains if D 2 R ^ but its coefficient is UV divergent. 
We have identified a counter term which can cancel such a divergence. Furthermore a natural 
counter term can cancel the IR logarithm completely. Therefore there is a renormalization 
scheme in a generic non-linear sigma model which preserves dS symmetry up to the three 
loop level. 

It should be noted that the above cancellations hold in the non-linear sigma model with 
two derivative interactions. In a general model with higher derivative interactions, the IR 
effects to the cosmological constant do not necessary cancel out each other. In fact, we 
have found that the cancellation of the leading IR effects does not take place in a field 
theory with higher derivative interactions. On dimensional grounds we expect a higher 
derivative interaction induces smaller effect than that of the non-linear sigma model with 
two derivative interactions. In fact the power counting argument is in accord with this 
intuition as the first IR logarithms are expected at the three and two loop level respectively. 
The cancellation mechanism of the IR logarithms in non-linear sigma models changes this 
picture significantly. In fact there is a renormalization scheme in non-linear sigma models 
which cancels IR logarithms up to the three loop level. Surprisingly the higher derivative 
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interaction produces larger IR effects contrary to the dimensional estimates. They could 
eventually sum up to the quantity as large as the one loop effect just like in the large N 
limit. 

To understand the eventual IR effects in the physical quantities, we have to evaluate the IR 
effects nonperturbatively. The large N limit is available for some cases as is demonstrated 
in this paper. However we still don't know how to evaluate the nonperturbative IR effects 
in a general model with derivative interactions. Our results may be relevant to investigate 
possible dS symmetry breaking due to IR effects in quantum gravity. It is because the 
gravitational field contain massless and minimally coupled modes [4j. When we consider the 
IR effects of gravity, an important question is to ask whether the IR effects emerge in the 
physical quantities or not [231 I2U 1221 I2H I2Z1 [2H 122] • The higher derivative interactions may 
play a nontrivial role in such a question as we find it the case in this paper. 
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A Power counting of log a(r) 

We can estimate the power of the IR logarithms induced by a diagram without a detailed 
calculation. Here we explain how to do it. 

First of all, we recall that the interaction vertices are located in the past light-cone of the 
energy-momentum tensor. Since we are interested in logarithmically large contributions, we 
can assume that the conformal time of the interaction vertices r» are hierarchically separated 
|ti I <C |r 2 | <C \t 3 \ <C ■ ■ • . In such a configuration the separations of the interaction vertices 
are almost always time-like |tj — Tj\ > |x, — Xj|. 

For the power counting, we have only to focus on the following behavior of the constituents 
in the amplitude. The spacetime metric and the propagator at the coincident point show 
the following time dependence: 



Concerning the retarded propagator G R (x,x') and the symmetric propagators G(x,x') be- 
tween the separated points, we focus on the following behavior: 




(A.l) 




-t')6({t-t'Y - |x- 

r _ r ')2_| x _ x '|2). 




(A.2) 
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Note that they are functions of Ax 2 = — (r — r') 2 + |x — x'| 2 except for the factor 9{r — r'). 
The behavior of the differentiated propagators follow from (lA.lj) and (1A.2j) except for the 
twice differentiated propagator at the coincident point: 



& a G ++ (x',x')~-, 



r 



d a G R (x,x') = -d' a G H (x,x') ~ 6{t - T')dJ(-Ax 2 ), 



(A.3) 
(A.4) 



d a & p G R (x,x') 
d a G(x, x') 

dad'pG^x, x) 



[t - T')d a d'M-Ax< 



-& a G{x,x') 
1 



Ax' 



Ax 2 



We estimate the twice differentiated propagator at the coincident point as follows: 

1 



lim & a &'G ++ {x',x") ~ 



T 



12 ' 



(A.5) 



If we expand (1A.2|) and ()A.4j) in the power series of |x— x'| /t—t' considering r — r' > |x — x'| 
the spatial integration doesn't induce a logarithm. We thus obtain 



dV G R (x,x' 



dV d a & p G R {x, x' 
G(x, x' 
d a G(x, x' 

d a & l3 G(x, x' 



r — r x r — r' 



A3 



(A.6) 



= - J d 3 x' d' a G R (x, x') ~ 9(t - t') x (r - t') 

~ 0(r - r) x (r - r) 
~ log(r — r'). 

1 



l\2 



T — T 



[T — T 



In the above estimates, we have focued on the logarithm part of the propagator: 

G(x,x') ~log(Ax 2 ). (A.7) 
To be more precise, the propagator has the inverse square part in addition: 

G(x,x')~^-hog(Ax 2 ). (A.8) 

If we take the zeroth order of the expansion by |x — x'|/r — r' and the differentiations with 
respect to time, the twice differentiated propagators have different asymptotic behavior with 
respect to r and r' in comparison with (IA.6I) : 

d 3 x' d a & 8 G R (x, x') ~ 6(t - t') x , (A.9) 

H T — T 

tt' 

d a dpG(x,x) ~ _ T /)4 - 
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It seems that the estimation (IA.6[) is not entirely valid. Nevertheless it can be justified as 
we consider contributions from beyond the zeroth order expansion by |x — x'|/r — r' . 

As a concrete example, let us perform the power counting of the IR logarithms induced by 
the following two diagrams 



The first diagram is written as 



< / y^9 a ^r')d 4 x' lim d p d' a G A 

J x'—>x 



[X, X 



x [d' a G R {x,x')G{x,x') + d' a G{x,x')G R {x,x')]d'pG ++ (x',x'). 
By using (1A. lj) . f]A.3[) . f1A.5h and (1A.6[) . each integral is estimated as 



T- 



dr' (r - T'f 

^ — — Mr-O 



^ [" {lo g k'lE^(^) n + E^(^) n U^)lo g 2 a(.) 

^ n=0 n=l J 



(A.10) 



(A.n; 



/ \T I g i g aP {T')d A x' lim d p d' a G ++ (x,x')d' a G R (x,x')G(x,x')d' G ++ (x',x') (A.12) 



I \[ z: g l g afi {j')d 4 x' \imd p d' a G ++ (x,x')d' a G(x,x')G R (x,x')d' 3 G^ 

J x'^rX 



\x\x') (A.13) 



T ay (r - t') 2 

J n=0 



~ a (t) log air). 



In the above expressions, we have expanded the integrands considering |r| < \r'\ where A n , 
B n , C n are constant coefficients. For the power counting of the IR logarithms, we have only 
to retain the zeroth order n — 0. From (lA.12j) and ( 1A.13|) . 



a 2 (r) log 2 a(r). 



(A.14) 
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The second diagram is written as 




x 2d p G R (x, x') %G R {x', x")%G(x', x")&^G(x', x") 
+ & a G{x', x")^G R (x', x")&^G{x', x") 



+ & a G{x', x")d^G(x', x")&^G R {x' ', x")] d a G(x, x") 



+ / ^g a ^T')d 4 x'^g^(r")d^" 



x d p G R (x, x')d' a G(x', x")d^G(x', x")d'^G(x', x")d a G H (x, x"). 



(A.15) 



By using (1A.6j) . each integral is estimated as 



^g^{T')d A x'^g^{T'')d^x'' 

x 2d p G R (x, x') [d' a G R {x\ x")^G(x', x")d'^G{x\ x") 
+ & a G{x'i x")d^G R (x', x")&^G{x', x") 



+ d' a G(x', x")d'^G(x', x")d'^G R (x', x")] d a G(x, x") 



dr' r dr" 



T ,2 

dr' 



l\2 



T 

r dr" 



),g,r=0 



(V - t") (r - t") 



T \P / T \1 / T 



pgr \ , 

T 



~ a (t) 



(A.16) 



v/^V^Vv^^V^V (A.17) 
x d p G R (x, x')d' a G(x', x")^G(x', x")d'^G(x', x")d a G R {x, x") 



dr' r dr" 1 

— / —It- t') 2 (t - r") 2 



p,q,r=0 



~ a 2 (r) 



In the second line of (IA.17I) . we have performed the integrals in the order |r| < |r'| < \t"\. 
In the third line, we have expanded the integrands respecting this ordering where D pqr , E pqr 
are constant coefficients. Just like the first diagram, we have only to retain the zeroth order 
p = q = r = for the power counting of the IR logarithms. From (1A.16j) and (1A.17I) . we 
conclude the second diagram has no IR logarithms 



~ a 2 (r). (A.18) 
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The power counting procedure of the IR logarithms is summarized as follows. In the first step, 
we estimate the relevant behavior of the constituents of a diagram by using ( lA.lj) . f ]A.3j) . 



(IA.5P and (IA.6|) . In the second step, we time order the integrations over the interaction 
points. In the third step, we expand the integrand in the power series of the ratios of the 
conformal time respecting the time ordering. For the power counting of the leading IR 
logarithms of a diagram, we have only to integrate the zeroth order of the expansion. 

In order to prove this statement, we first estimate the IR logarithms when there are no 
differential operators involved at the interaction point. The integral over the location of an 
interaction vertex induces some power of IR logarithms as: 

J a/^V A r (x,x')B(x',x") ~ log"^ 1 \r"\ log n+1 |r"|, (A.19) 

where |r| < \t"\ < \t'\. A r (x,x') consists of one retarded propagator G R (x,x') and (m — 1) 
symmetric propagators G(x,x'). B(x,x') consists of n symmetric propagators G(x,x ; ). We 
next estimate the effect of the minimal derivative coupling on the above estimate: The 
g a/3 (r') at the interaction vertex induces r' 2 behavior and there are at least two derivatives 
involved. At the zeroth order, 

g"P( T '){d,&,&y~-±- 2 , p >2. (A.20) 

In the case p — 2, the integral over time induces a single logarithm. However the differen- 
tiations on the symmetric propagators reduce the previous estimate of the power of the IR 
logarithms ( IA.19j) . In the case p > 2, the integral over time doesn't induce the IR logarithm 
and the power of the IR logarithms is less than ( 1A.19|) . From ( 1A.19j) and ( 1A.20j) . we find 



that each integral doesn't induce the positive power of the scale setting conformal time r" 
For the power counting of the leading IR logarithms of a diagram, we have only to integrate 
the leading order of the expansion. We can iteratively continue this argument to cover the 
whole amplitude. 

Finally we prove that each diagram with the leading IR logarithms contains a closed loop of 
the twice differentiated propagators which runs through the vertex located at the external 
point x. Each vertex integral of the closed loop corresponds to the p = 4 case in flA.20j) . If 



the closed loop has n vertices, the leading IR logarithms comes from the case that the closed 
loop has n retarded propagators and one symmetric propagator: 

j V^Cn)^ 1 ^)^!--- j V^n)g anPn (r n )d A x n (A.21) 
x d p d ai G R (x,xi) ■ ■ • d l3n _ 1 d an G R (x n -i,x n )dp n d CT G(x n ,x) x L(x,x 1 ,--- ,x n ), 

where L(x,x±, ■ ■ ■ ,x n ) is some powers of the IR logarithm induced outside the closed loop. 
To be exact, the closed loop contains other permutations of propagators. The investigation 
of them can be performed in a similar way. We have only to estimate the integrand of (IA.21I) 
at the zeroth order 

J V^^g^in^X! - J y^~)9 a ^(r n )d 4 x n ~J^...J*!!±, (A.22) 
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d p d ai G K (x } a:i) • • • d^ n _ 1 d otn G H {x n ^i 1 x n )d Pn d a G{x ni x) (A.23) 
- 0(t - ri) • - • 6»(r„_i - r„) x n • • • t„ x -J, 



L(ac, xi, ■ ■ • , x n ) ~ log p |r| log Pl |n| - • • log p " |r n |, (A. 24) 

where p,pi, ■ • • ,p n > 0. So the integration (1A.21j) is estimated as 



■ • • / \Tg{j^9 a ^{T n )d"x n (A.25) 

x d p d ai G R (x, ari) • • ■ 9 /3n _ 1 9 Qn G' fl (a; n _i, x n )dp n d a G(x n , x) x L(x, ar ls • • • , ar n ) 
~ a (r) (log a(r) J 

Here the IR logarithms are induced by L(x,X\, ■ ■ ■ ,x n ) and the closed loop doesn't induce 
the IR logarithms. 

The other diagrams are obtained if we remove any of the differential operators from the closed 
loop. As an example, we consider the diagram with the closed loop where one differential 
operator is removed. Such a differential operator acts on the IR logarithms outside the closed 
loop L(x, Xi, ■ ■ ■ , x n ). On the other hand, the closed loop doesn't induce the IR logarithms. 
Therefore the power of this diagram is one less than (1A.25j) : 

V^Jg^in^X! ■ ■ J ^g~W)g a ^(r n )d A x n (A.26) 

x d p G R (x, xt) ■ ■ ■ d^d^G^Xn-i, x n )d^ n d a G(x n , x) x d ai L(x, x ir -- ,x n ) 
~ a (r) ( log a(r) ) 

In the case where we remove any other differential operator from the closed loop, the power 
of the IR logarithms induced by the corresponding diagram is also one less than (1A.25j) . 



If we remove two differential operators from the closed loop of the twice differentiated propa- 
gators, it is possible that the closed loop induces a single IR logarithm more than otherwise. 
However in this case, the part outside the closed loop induces two less power of the IR log- 
arithm. Therefore, also in this case, the power of the IR logarithm is one less than (1A.25j) . 

Even if we remove more than two differential operators from the closed loop, we can similarly 
conclude that the power of the IR logarithm induced by the corresponding diagram is less 
than Ipg) . 



B Two point function at the two loop level 



Here we explain how to calculate the two point function up to g 2 log a(r). In this Appendix 
and the next, we apply the procedure developed in [8]. The two point function at the two 
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loop level is written as 

f V^d D x' i^-R Km& a ^G ++ (x',x") (B.l) 
x g a ^T')[G ++ (x,x')G ++ (x,x')-G + -(x,x r )G + -(x } x')\ 
- j y^d D x' i 9 ^Rd' a G ++ (x\x') 
x g a P(T')d'p[G ++ (x,x')G ++ (x,x') - G + -{x,x')G + -(x,x')] 
+ J \T I g'd D x {i^RG ++ {x',x r ) -i(5(3 + 2S-f)R} 
x g a P(T r )[d' a G ++ (x,x')d'pG ++ (x,x') -d' a G + -(x,x')d'pG + -(x,x')]. 
By using the partial integration, 

= K R I y^ dDx ' Km& a ^G + +(x',x") (B.2) 
x ^(r') [G ++ (.x,x / )G' ++ (x,x') - G + -{x,x')G + -{x,x')] 
- l J R J \T : 9'd D x' 9 a G++{x\x') 

x g aP {T')& p [G ++ {x,x')G ++ {x,x')-G + -{x,x')G + -{x,x')] 

g 2 RH\ 2 . . 2^ 2 i?i/ 2Z? - 4 r 2 ( J D-l) ri , , 
+ 2^ l0g ° (r) + — (4^ n(f) ^ lQgfl(T) - 

To evaluate the two point function, we have to calculate the remaining integrals up to 
g 2 log o(r). From (I2.12p - fl2.14p . we evaluate the propagators at the coincident point in D 
dimension 

\imd' a d';G ++ (x',x") = - Jf^-^L_ g a ,( T '), (B.3) 
x"->x> H 2(47r) t r(y + 1) 



(47r) 2 1 (, ¥; 



To evaluate the integrals up to g 2 log a(r), we may set .D = 4 and extract the following part 
from the propagator at the separated point 

G(x,x')G(x,x') ~ ^^) 2 (-- lo S^ 2A ^ 2 + ^ log 2 if 2 Ax 2 - (1 - 7) log F 2 Ax 2 ). (B.4) 

From flB.3p and (IB .4[) . the integrals are 

,,2 



z^i? / ^f^'d D x' lim ^ a 92G ++ (x , ,a/ / ) (B.5) 

3 J x"->x' 

x ^ /3 (r / )[G ++ (x,x')G ++ (x,x / ) - G + -(x,x')G+-(x,x')} 

,g 2 RH s f 4 , 4 

a x a (r ) 



2 7 7T 6 
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x [(- — \ogH 2 Axl + + - log 2 H 2 Ax 2 ++ - (1 - 7) logtf 2 A:r 2 ++ ) 

y++ 4 

_ { _J_ logH i Ax l_ + h og 2 H 2 Ax 2 + _ - (1 - 7 )logiJ 2 A4_)], 
2/+- 4 



1 v^^x' # Q G ++ (B.6) 
x g al3 (T / )d'p[G ++ (x,x')G ++ (x,x / ) - G + -(x,x')G + -(x,x')] 



= + i 



2 6 • 3tt 6 
1 



x & Q [( log 2 A:r 2 ++ + - log 2 if 2 A4 + - (1 - 7 ) log H 2 Ax 2 ++ ) 

y++ 4 

_ ( _ J_ l g// 2 A4_ + i log 2 ff 2 Ax 2 + _ - (1 - 7 ) log ff 2 Ax 2 + _)] , 

y+- 4 

where Ax+ + , Ax+_ and y ++ ,y + _ arc 

A4 + = -(|r - t'\ - ie) 2 + (x - x') 2 , (B.7) 
Ax 2 + _ = -(r - r' + ief + (x - x') 2 , 

y ++ = H 2 a(r)a(r')Ax 2 ++ , (B.8) 
I/ + _=iJ 2 fl (r)fl(r')A4_. 

For example, we calculate the following integral 



/ 



d 4 x' a 4 (r') [ - — log H 2 Ax 2 + — log H 2 Ax 2 1 (B.9) 

y++ y+- 

^1 J dV a 3 (r')[^-log// 2 A4 + - ^l-log^A^]. 



The integrand can be represented as the derivative of a polynomial in logarithms 

1 log/7 2 Ax 2 = -^(log 2 /f 2 A:r 2 -21og/f 2 A:r 2 ), (B.10) 



Ax 2 ° 8 
and the logarithm is divided by the real part and the imaginary part 

\og(H 2 Ax 2 ++ ) = log(/f 2 |Ar 2 - r 2 |) + mfl(Ar 2 - r 2 ), (B.ll) 
\og(H 2 Ax 2 + _) = log(/f 2 |Ar 2 - r 2 \) - w^(Ar 2 - r 2 ){9(Ar) - 6 (-At)}, 
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where At = r — t' and r 2 = (x - x') 2 . By substituting f lB~TO|) and (1B~TT|) in ( 1B~9|) . 

/ dV a 4 (r') f" - — log H 2 Ax 2 + — log H 2 Ax 2 ] 

J y++ y+- 



— - ■ 2zrr 2 d 2 / tfV a 3 (r') 

-1; 



r 2 dr {log# 2 (Ar 2 - r 2 ) - 1} 



■ 2i^dl I dr> a 3 (r')Ar 3 {hog2HAr - ^} 

J 71 

— Y- ■ ^ / da{r') (1 - 

-H 4 ./i a T 



){-log 



a r 



iJ 4 

In a similar way, 



4Z7T 2 

~ log a(r). 



^ n a n (r) ' 

n=l 



y dV a 4 (r') [1 log 2 H 2 Ax 2 ++ - 1 log # 2 A4_] 



4i7T 2 

3/T 4 



{- log 2 a(r) + (2 log 2 + 1) log a(r)}, 



/ dV a 4 (r') [ - (1 - 7 ) logif 2 Ax^ + + (1 - 7) logif 2 Ax^] 



(! -7)3^4 log a(r) 



[ dV a\r')d' \ - — log H 2 Ax 2 + — log # 2 Ax 2 1 

J y++ 1 y+- 



12in 2 
- log a(r), 



# 3 



J dV a s (/)^[itog a H a Axi + - ilog^ 2 Ax^] 



4Z7T 2 
If 3 " 



{log 2 



or 



(2 log 2 + 1) log a(r)}, 



J dV a 3 (r')<%[ - (1 - 7) log# 2 A:r 2 + + (1 - 7) logF 2 Ax 2 _] 



(! - 7) -^3- log a(r). 



From (jR5]l . (El and (]B32]) -( lBA7]) . 



1 t)u • «Z< J 



i^-^ / yfH'd B x' lim MG H 
3 y x"-¥x i 

x ^ /3 (r , )[G ++ (x,x / )G ++ (x,x / ) 

|^ { - log 2 a(r) + 2 (log 2 - 2 + 7) log a(r) } , 
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- l J R J y^d D x' d' a G ++ (x',x') (B.19) 
x g a ^(r')% [G ++ (x, x')G ++ (x, x') - G + -(x, x')G + ~(x, x')] 



a 2 RH 4 

' ' { - log 2 a(r) + 2(log2 - 2 + 7) log a(r)}. 



2 4 • 3vr 4 

By substituting flB~T8l) and flB~l9l) in flB~2l) 



<mi^ §r^{ - log 2 a(r) + 6(-2 + log 2 + 7 ) log a(r)} (B.20) 

2^4^- 4 r%D-i) 

+ — (4^ P(f) ^ lQga(T) - 



C Derivation of ( 177221) 




Here we explain how to derive (17.221) . From fl2.12l) - fl2.14p . the second diagram in (17.2 ip can 
be easily evaluated 

1 H 8 
= —G ++ {x 1 x)d p G ++ {x,x)d u G ++ {x,x) ~ -a 2 (r)<5 °<5 ff °— - - log a(r). (C.l) 

4 2°7T b 



The contribution from the first diagram is written as 

= -* / \f Z 9 1 d D x' G ++ (x',x')g a P(T') lim d' a d"G ++ (x', x") (C.2) 

x [d p G ++ {x,x')d a G ++ {x,x') -d p G + -(x,x')d a G + ~(x,x')]. 
From (l2~T2> ( l2TT4j) . we find 

G ++ {x\ x>) = H A D [l T ^ ( n, l) ^ logaCO + (C.3) 
(4tt) 2 1 { Y J 




" - (4vr)f T(f)' 



aD-2tt2D-2 f) 

d p G(x,x')d a G(x,x') = (4?r)D r 2 (-)a 2 (r) (C.4) 

x [4ff 2 a 2 (r / ) A ^ 4 A £ XCT + (4 ~ £)ffV(-r') 



+ H a [t ) — 2 V 2Ha(r ) — y — 



v y 



Ax 5 + Ax 5 5 °5 
+ Ha{T ) p - + - J ^zr\ ■ 

y y 
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Note that we have only to evaluate ( 10.2)) up to O(e ). By substituting ( 10.3)) and (10.4)) to 




>2D-3 7T4D-4 



2 2JJ ~ d H 4 
~ z- 



where the integrands are as follows 



6 

(£> _ l )r 2 (D _ 1)a 2 (r) / rf 4- V a 4- S(r / } lQga(r0 J- F™, (0.5) 

m=l 



F% = 4F 2 a 2 (r')[^^ - ^^], (0.6) 
2/++ 2/++ 

F 2 CT = (4 - £ )ifV(r')[^#^ - ^^], (C7) 

y++ 2/+- 

F p 3 CT = ff 2 a 2 (r , )[ Aa:p 2 Aa:g - Axp 2 AaV ], (C8) 

= 2ff« r' P J 3 _ £ - 3 — £ — I C.9 



Ar (5 + At (5 At 4- At (5 
F p 5 CT = ffo(0[ A t P ~ 2 (CIO) 

y++ y+- 



5°5° 5°5° 
y++ y+- 

First, we calculate the integral of F po . 

(f- £ x' a 4 - £ (r) log a(r')F p 1 CT (C.12) 

_, u Ai p Ai ff AxpAxg., 



= 4if 6+2£ a- 4+£ (r) y rf 4 ~V a 2 (r') log a(r')[- 

The integrand is written as follows 

Ax p Ax g -1 ^g xg 1 rpi „x 

Ax 8 " 2£ (6-2e)(4-2e)(2-25) 1 p CT + 2-e J e Ax 2 " 2£ ' 1 J 

where we abbreviate the indexes ++, H — because the above identities work out in the both 
case. By using this identity, ( 10.12)) is 

d 4 ~ £ x' a 4 - £ (r') log a{r')Fl a (C.14) 



(6-2e)(4-2e)(2-2£) v p a 2-e J 
x W-(r)<9 2 | d 4 ~V a 2 (r') log a(r')y [-^^ - ^_ 2eJ 
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Note that the differential operator outside the integral is equal to the time derivative d p — > 
S p °do, d 2 — » — d 2 . The second order differentials of 1/Ax 2 ~ £ are 



d 2 



Ar 2 ~ £ 



Am2 %^\x-x% d 2 1 



r(l-§)~ - — Ax 2-_e 

By using (IC15p . we extract the UV divergent part 

d 2 1 d 2 , 1 /i" e s 4i7r 2 -f/i- £ 



0. 



(C.15) 





e Ax 2 + 2£ e K Ax\~ 2£ Ax 2 ^'^ T{1 

d 2 \og(fi 2 Ax 2 ) 4iir 2 ~ijj 



5 {D \x-x') 



(C.16) 



2 Ax 2 ++ 
d 2 , 1 



+ 



r(i- 



1_ 

"7Axi-_ 2e ~ £ ^zil 26 Ax 2 r_ £j ~ 2 Ax 2 



/i £ d 2 \og(n 2 Ax 2 ) 



where we introduce the mass parameter /i to correct the dimension. From ( TB.lOj) . ( IB.llj) 
and flaT6|) . 



H 2£ a A ~ £ (r)d 2 [ d^ £ x' a 2 (r') log a(r') — [^ 
H 2£ a 4 - £ (r)d 2 { ^-(rUu^/i- 



2-2e 



Ax 



2-2e- 



(C.17) 



ra-i: 



+ m 2 d* J T ^ dr' a 2 (r') log a(r') ^ r 2 dr ( log/i 2 (A7 
iy 2 V- £ (r)9 2 {^-^|— a 2 (r)loga(r)+4m 2 9 T rfr' a 2 (r') log a(r') log 2^Ar} 



ir 2 - r 2 ) - 1 



427r 2 a 4 - £ (r)9 2 {^^^a 2 (r) log a(r) + a 2 (r) log a(r) log ^ - a 2 (r) log 2 a(r) 



r(i-§) £ 



^^fm / rfa ( r ') io g a ( r ')y] 

<9a(r) ^ ^ / tu - v 

r ix~^ u~ £ H 2e 2u 
4m 2 ff 2 {6( r(1 _ £)£ +log-^)logo(r)-lllogo(r)j. 



a" r 



(C.18) 



So the integral of is 



| rf 4 "V a'~ £ {r')\oga{r')Fl 
: Vp(T x4zvr 2 i/- 4 {i 



per 



e rr2e 



(C.19) 



log ^) log a(r) + i log a(r) | 



+ 5 p Vx4z 7 r 2 if- 4 {--i( 



r(l-f)e 

1 ,TT-ifx- £ H 2£ 



+ log^) log a(r) | . 



r(i 
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In a similar way, the other integrals are 

J d 4 "V a 4 - £ (r') \oga(T')F 2 pu (C.20) 

~ ?? p(T x 4z7r 2 # 4 1 - - ( r(1 _ £)g + log -£) log a(r) + - log a(r)| 

+ 5 p V x 4m 2 i/- 4 { - i log a(r)}, 

| rfVa 4 (r')loga(r')F p 3 CT (C.21) 
~ r/ pCT x 4m 2 tf- 4 { - 1 log a(r)} +5 p \° * 4*7r 2 tf- 4 { - ± log a(r)}, 

y d 4 "V a 4 - £ (r') log a(r')F 4 CT (C.22) 



r(i-i)e 



+ log log a(r) | . 



| dVa 4 (r') log a(r')F p 5 CT (C.23) 



~ S p \° x 4z7r 2 fr 4 {~ log a(r] 



J rf 4 -Va 4 - £ (r')loga(r')F p 6 (T (C.24) 
5 p V x 4zvr 2 tf- 4 { -\ C~ v [Cfr + l0g l } l0ga(T) }' 



From (EU) and ( JC19j) - rtCl24]) . 

2 2D-3 n 2 H AD-8 




7T 2 



+ log f ) log a(r) - \ log a(r)} + a 2 (r)5 p V^ log a(r). 



r(l-|)e 
From (jnij and (ITI251) . 





2 2D-3 n 2 H 4D^ 

(4tt) 2D 



~ ^ " 7T3in P " !)r 2 P - 1) (C26) 



{( 1 ^| F + logf)loga(r)--loga(r)}. 
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As a result, the contribution from the two diagrams is 





(C.27) 



9„u9 4 D 2 R 



2 2D~^2 H AD~Z 



( 4vr )2D 
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(£>- i)r 2 (D-i; 



+ log ^) log o(r) - ^ log a(r) } 



9^9 4 D 2 R 



t (D-l)(D- 2) # 3Z? - 4 r 2 (,D - 1) f 1 



(4^ 



r 



- log o(r) 



- log o(r) } . 
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